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APPROXIMATE COHOMOLOGY IN BANACH ALGEBRAS 


A. SHIRINKALAM AND A. POURABBAS 


Abstract. We introduce the notions of approximate cohomology and approximate homotopy in Ba¬ 
nach algebras and we study the relation between them. We show that the approximate homotopically 
equivalent cochain complexes give the same approximate cohomologies. As an special case, approximate 
Hochschild cohomology is introduced and studied. 


1. Introduction and Preliminaries 

The notion of amenability for Banach algebras was first introduced by Johnson [3j. He showed that the 
definition of amenability is equivalent to vanishing of 'H n (A, X*) for all n and all A-module X. Later, 
Ghahramani and Loy [2] generalized the notion of amenability and they introduced the approximately 
amenable Banach algebras. Here we introduce an equivalent definition for approximate amenability. To 
do this first we generalize the definition of Hochschild cohomology to approximate cohomology and then 
we show that the definition of approximate amenability is equivalent to vanishing of higher dimension 
approximate cohomology. 

The paper is organized as follows. After some preliminary material and definitions in section 1, we 
define a concept of approximate cohomology for Banach algebras in section 2. Also we define a notion of 
approximate homotopically equivalence relation for two cochain complexes of Banach spaces and we show 
that if the cochains are approximate homotopically equivalent, then they will have the same approximate 
cohomologies. In section 3, we apply these notions for a certain cochain complex and we investigate some 
useful results. 

Let A a Banach algebra and let X be a Banach A-bimodule. The dual space X* of X becomes a 
Banach A-bimodule via the following actions 

(1.1) (x,a • tp) = {x • a,<p), (x, if ■ a) = (a ■ x, ip) (a G A,x G X,(p G X*). 

For a Banach algebra A, the projective tensor product A®A is a Banach algebra with respect to the 
multiplication defined by (a <S> b)(c ® d) = ac ® bd pQ. If A and Y are Banach A-bimodules, then 
X®Y becomes a Banach 21-bimodule with the canonical actions. Also, we use the isometric isomorphism 
{X®Yf ~&C(X,Y*)(H]). 

Recall that an A-bimodule X is called neo-unital if every x € X can be written as a ■ y ■ b for some 
a, b G A and y G X. 
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Remark 1.1. Let A be a Banach algebra with a bounded approximate identity and let X be a Banach 
M-binrodule. Then by 3] Proposition 1.8], the subspace X ess := lin{a • x ■ b : a,b £ A, x £ X} is a 
neo-unital closed sub-.4-bimodule of X. Moreover, X^~ ss is complemented in X*. 

Definition 1.2. j4J Definition 5.2.1] A cochain complex E = (E n ,8 n )n&i of Banach spaces is a sequence 
of Banach spaces along with bounded linear maps 

a"- 1 „ s n „ s n+1 „ s n+2 
■ ■ -> E n —> E n + 1 - > E n+ 2 -> ■ • • 

such that for every n £ Z, 6 n o d 71-1 = 0. 

Definition 1.3. [4j Definition 5.2.3] Let E = (E n ,6 n ) n& z be a cochain complex of Banach spaces. Let 
Z n (E) := kerd" and let B n (E) := ran<5 n_1 . Then 

H n (E) := Z n (E)/B n {E), 
is called the n—th cohomology group of the cochain complex E. 


Let A be a Banach algebra and let X be a Banach M-bimodule. Then, for every n £ N, the space of all 
bounded, n —linear maps from A into X is denoted by BC n (A,X). 

Example 1.4. Let A be a Banach algebra and let X be a Banach .4-bimodule. For every n > 1, we take 
E n = BC n (A, X). Let 5 n : BC n {A,X) -> BC n+1 (A,X) be defined by 

(6 n T)(ai ,..., a n+ i) := ai • T(a 2 ,..., a„+i) 

n 

, Cl n _)_i) 

k— 1 

+ (—l) ra+1 T(ai,..., a n ) • a n +i, (T £ E n , ai,..., a n +i £ A). 

In the case n = 0 we take E 0 = X and 5° : X —> BC 1 (A, X) is given by 6°(x)(a) = a ■ x — x ■ a. Then the 
sequence E = (E n , 8 n ) n >o is called the Hochschild cochain complex and 

H n (A,X) ■.= Z n {A,X)/B n {A,X), and H°(A,X) = {x £ X : a ■ x = x ■ a,Va G A} 

is called the n -th Hochschild cohomology of A with coefficients in X. 


Definition 1.5. [3J Definition 5.2.5] Let E = (E n , S^) ne z and F = ( F n , 5p) ne j, be two cochain complexes 
of Banach spaces. A morphism ip : E — > F is a family (ip n )ne z of continuous linear maps ip n : E n — > F n 
such that for every n £ Z, the following diagram commutes, 


E n 




F n 


■ E n +1 

ty^n+l 

Fn- 1-1 • 
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2. Approximate cohomology 

In Examplc ll.41 when we consider n = 1 the elements of Z X (A, X) are called continuous dervations and 
the elements of B 1 (A, X) are called the inner derivations. 

A continuous derivation D : A —> X is approximately inner if there is a net (a,’„) C X such that for 
every a £ A 

D{a) = lim 5°(x v ){a) = lima • x u — x v ■ a. 

the limit being in norm. That is, D = st — lim„ 5°{x l ,) 1 the limit is taken in the strong topology of 
B(A, X). A Banach algebra A is called approximately amenable, if for every Banach A-bimodule X, 
every continuous derivation D : A —> X* is approximately inner ([2, Definition 1.2]). This definition 
was a motivation for this section to introduce a concept of approximate cohomology and approximate 
homotopy. We show that if two complexes are approximate homotopically equivalent, then they give the 
same approximate cohomologies. 

Definition 2.1. Let (£’ n )nez be a sequence of Banach spaces such that each E n is equipped with a 
topology T n . For every n € Z, suppose that S n : ( E n ,T „) — »• (E n +i, r„+i) is a continuous linear map and 
let S n o5 n ~ 1 = 0. Then the triple (E, r, S) is called a r-cochain complex, where E = (E n ) ne z, t = (r„) ng z 
and S = (S n ) nez . 


Sometimes for simplicity, we use E = (E n ,T n , S n ) n ez for a r-cochain complex. 

Definition 2.2. Let E = (E n , T n ,5 n )nez be a T-cochain complex of Banach spaces. For every n£Z, let 
Z n (E) := ker5" and B n (E) := ran<5" -1 . Then Z n (E) is a r n -closed subspace of E n and B n (E) C Z n (E) 
is a subspace. We define 

n n app (E) := Z n (E)/W{E)\ 

where the closure is taken in the topology T n of E n . We call this quotient space, the n-th approximate 
cohomology of the complex E. 

Proposition 2.3. Let E = (E n ,T n , <5 n )„ g z be a r-cochain complex of Banach spaces. If'H n (E) = {0}, 
then U n app {E) = {0}. 

Proof. Consider a surjective map 9 : Z n (E) —> H^ pp (E) dehned by 

6(T) = T + B n (E) Tn (T G Z n {E)). 

The kernel of 9 contains B n (E ), so there is an induced surjective map 9 : , H n (E) —> hCf pp {E) defined 
by 9{T + B n {E)) = 9(T). Clearly 9 is injective if and only if B n (E) is r^-closed in Z n (E). Hence, 
H n {E) = {0} implies that H™ pp (E) = {0}. □ 

Note that the converse of Proposition 12.31 does not hold in general (see Example 13.31 belowl. 

Definition 2.4. Let E = ( E ni r n , <5^)nez and F = (F n ,p n , 5p) n& i be r-cochain and p-cochain complexes, 
respectively. A (r, p)-morphism <p : E —> F is a morphism tp = (<p„) ng z such that each ip n : ( E n ,r n ) —»• 
(. F n ,p n ) is continuous. 
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The proof of the following lemma is straightforward. 

Lemma 2.5. Let E = (E n ,r n ,Sp) n ^i and F = (F n , p n , Sp) ne z be r-cochain and p-cochain complexes 
and let <p : E —» F be a (r, p)-morphism. For every n, we have ip n (Z n (E)) C Z n (F), and (p n (B n (E) ") C 
W(F) Pn . 

Corollary 2.6. Let E, F and <p be as in Definition \2.4\ Then, <p induces a sequence Tp = (<p^T) n gz of 
linear maps 

yz ■■ k pp (e) -> k pp (f). 

Proof. By Lemma [2.51 <p n (Z n (E)) C Z n (F) and ip n (B n (E) ") C B n (F) Pn . Thus we can define a map 
W : H n app (E ) -A U n app (F) by Tp^(T + = <p n (T) + W(F) Pn ( T G Z n [E)), as required. □ 

Definition 2.7. Let E = (E n ,T n , Sp) ne z and F = (F n ,p n , Sp) n& z be r-cochain and p-cochain complexes, 
respectively. The (r, p)-morphisms <p = (p n ) n gz and if = (ifn)ne z from if into F are called approximately 
homotopic , if for every n G Z there exists a family of bounded linear maps (£2)« from F n _|_! into F ra such 
that for every T G F n , we have 

ten - WCn =Pn- lim (Sy 1 o g" 1 + £ o g%)(T), 

whenever the limit exists. The family (£2)<*,n is called an approximate homotopy of <p and if. 

Proposition 2.8. Let E = (E n ,r n , S%)n€.z and F = (F n , p n ,Sp ) ne z be r-cochain and p-cochain com¬ 
plexes, respectively. Let <p,if : E F be two approximately homotopic (r, p)-morphisms. Then for every 
n G Z, we have pL = if n , where pL,if n : Wf pp (E) —>• TCf pp (F) are the induced maps as in Corollary \ 2. 61 

Proof. By assumption, there exists a family of bounded linear maps (Q) a .,n such that 

{p n - if n )(T) =p n - lim (Sy 1 o g" 1 + C ° Se)(T), 

Ot 

where T G Z n (E). Thus p n (T) - if n (T) = p n - lim a Sy 1 o £ -1 ( T ), so p n (T) - if n (T) G W(F) Pn . 
Hence ^T(T) = p n (T) + W{F) Pn = if n (T) + W{F) Pn =MT). □ 

Definition 2.9. Suppose that E = (E n , r n ,Sp) n& z and F = ( F n ,p n , Sp ) n& z are r-cochain and p-cochain 
complexes, respectively. Then E and F are called approximate homotopically equivalent, if there are two 
(r, p)-morphism <p : E -A F and (p, r)-morphism if : F —> E such that ipo if and if op are approximately 
homotopic to the identity morphism on F and E, respectively, that is, there exist two family of bounded 
linear maps (££)<*,n and (rf£)p >n such that for every nGZwe have : E n+ i —> E n and rfp : F n+ 1 —>• F n 
satisfying 

(2.1) (if n o p n )(T)-T = r n - lim (6y 1 o^- 1 +C°Sy(T), (T G E n ) 

a 

and 

(2.2) (p n o if n )(S) — S = p n — lim (dy 1 o rjy 1 + rfp ° 5p)(S), (S G F n ). 

Theorem 2.10. Let E = (E n ,r n ,Sp ) ne z and F = (F n , p n , 5p) n ^i be approximate homotopically equiv¬ 
alent. Then for every n G Z, 

k pp (e)^h: pp (f). 
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Proof. Since E and F are approximate homotopically equivalent, there exist (t, pj-morphism ip : E —>■ F 
and (p, r)-morphism ip : F —> E and two family of continuous linear maps (£2) a ,n and (rfp)p t n which 
satisfy in the equations m and m ■ 

Let n 6 Z be fixed. Consider the induced map Tpfl : / H™ pp (E) —> 'H 1 f pp (F) which is defined in Corollary 
12.61 We show that Tp^ is an isomorphism. Let T £ Z n (E) be such that + B n (E) ") = 0. Then 
p n (T) £ B n {F) Pn , so that ip n o tp n (T) £ B n (E) Tn . Now by (12.11) we have 

ipn O <p n (T) - T = T n - lim (5”- 1 O \T) £ ■ 

a 

Thus T G B n (E) ". This means that is one-to-one. 

Now, we show that Tpf is surjective. Let S £ Z n (F) be such that S + B n (F) Pn £ 'Happ(F). By Lemma 
1231 ip n (S) £ Z n (E), so ip n (S) + B n {E) T " £ n2pp{E). We show that 

(2.3) p^{'ip n {S)+W{E) Tn ) =S+W(Fj Pn . 

Using ( 133 ) we obtain 

Pn o iP n (S)-S = p n - lim 5 n F ~ l o (S) £ W{F ) Pn . 

Hence ip n o ip n (S) + B n (F) Pn = S + B n (F ) P " which shows that the equation (12.31) holds. Thus Tp„ is an 
isomorphism. □ 


3. Approximate Hochschild cohomology 

Let A be a Banach algebra and let X be a Banach A-bimodule. In this section, we study the approximate 
cohomology in the special case when E = (E n ,T n ,5 n ) n >o is the Hochschild cochain complex and r„ is 
the strong topology on E n = BC n {A 1 X). By definition, a net (T))j C E n converges strongly to T £ E n 
if ||(T) -T)(ai,...,a n )|| 0 (ai,...,a n £ A). 

Note that for every n £ N, the map 8 n : BC n {A 1 X) — > BC n+1 (A , X) is strongly continuous. Throughout 
this section, for simplicity, we denote the Hochschild cochain complex by E — (E n , 5 n )n> 0 and all the 
limits being taken in the strong topology. 

Definition 3.1. Let A be a Banach algebra and let A be a Banach A-bimodule. The space keri5 ra is 
denoted by Z n (A, A). The elements of Z n (A, A) are called the n-cocycles and the elements of ran<5 ra_1 = 
B n (A, X) are called the n-coboundaries. Then for n > 1 we define 

Kpp(E ) = K PP (A,X) := z n (A,x)/WW0 stmns , 

is called the n-th approximate Hochschild cohomology of the complex E. 

Example 3.2. Let A be a Banach algebra and let A be a Banach A-bimodule. By definition of approx¬ 
imate amenability, A is approximately amenable if and only if every continuous derivation D : A ^ X* 
is a strong-limit of inner derivations which means that 'H^. pp (A 1 X*) = {0}. 

Example 3.3. Gahramani and Loy [2j constructed an approximate amenable Banach algebra which is not 
amenable. This example shows that the notions of approximate Hochschild cohomology and Hochschild 
cohomology are distinct, at least for n = 1. 
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Remark 3.4. Let A be a Banach algebra with a bounded approximate identity and let X be a Banach 
A-bimodule. If A acts trivially from one side, then by [3] Proposition 1.5], for every n, K n (A, X*) = {0}. 
So by Proposition 12.31 Wf pp {A,X*) = {0}. 

Theorem 3.5. Let A be a Banach algebra and let X be a Banach A-bimodule. Let Y be a closed 
submodule of X which is complemented as a Banach space. Then, there are maps making the following 
sequence exact. 

•••->• K PP (A Y ) -a H n app ( A , X) -a n : pp ( A , X/Y) -a K+\A, Y) -a • • • 

Proof. We denote by t, the injection map Y c -A X and by q , the usual quotient map X -» X/Y. Since Y 
is complemented, q is an isomorphism, so it has a bounded right inverse p : X/Y -A X. 

We define a map to : BC n {A,Y) — A BC n (A,X) by to(T) = loT and a map ti : BC n+1 (A,Y) 
BC n+1 (A,X) by n(T) = loT. Also q 0 : BC n {A,X) -a- BC n {A,X/Y) is defined by q 0 (T) = qoT 
and j : BC n (A,X/Y) -a BC n+1 (A,Y) is defined by j(T) = 5%pT - pS™ /Y T, where 5% : BC n {A,X) -a 
BC n+1 (A, X) and S x / Y • B£ n (A, X/Y) -A £>£ ra+1 („4,, X/Y) are the corresponding coboundary operators. 
Note that since 

qj(T) = q5 x pT - qpS n x/Y T = 8 n x/Y qpT - 5 n x/Y T = 0, 
we have jT e BC n+1 (A, Y) for all T e BC n (A, X/Y). 

If T G Z n (A,Y), then lq(T) e Z”(A, X), thus to maps Z n (A,Y) into Z n (A,X). Also, an easy 
verification shows that qo maps Z n (A,X) into Z n (A,X/Y) and j maps Z n (A,X/Y) into Z n+1 (A,Y). 
Thus we obtain the sequence 

(3.1) -> Z n (A,Y) 4 Z n (A,X) 4 Z n {A,X/Y) 4 Z n+1 (A,Y) 4 • • •. 


If T e Z n -\A,X/Y), then 

= 5 n xP 8 n x f Y T - p5 n x/Y 5 n x/ \.T = 5 n x p5 n x f Y T = -8?-(6 n x pT - pS n x/Y T) = S£(-jT). 

Thus j maps B n (A, X/Y) into B n+1 (A , Y). Similar arguments show that to maps B n (A, Y) into B n (A, X) 
and q 0 maps B n (A,X) into B n (A,X/Y) and we have the sequence 

(3.2) -> B n (A, Y) 4 B n \A, X) 4 B n (A, X/Y) 4 B n+1 (A, F) 4 • • •. 

Since to, qo and j are strongly continuous, the sequence (13.211 extends to the sequence 


-A- B n (A, Y) 


strong tQ 


B n {A,X) 


strong qo 


B n (A, X/Y) 


strong j 


-4 B n+1 (A,Y) 


strong tl 


where the extended maps are still denoted by to,qo and j , respectively. These maps induce the maps 
2 , <P 3 and (f 4 in the following sequence 


(3.3) 


n n ap JA, Y) 44 n n aP JA, X) 44 h: p JA, X/Y) 44 K+^A, Y) 


V2 


V 3 V 


(^4 


which are defined by 


■ strong 


< Pl (T l +B n (A,Y) °) = i 0 T 1 + B n (A,X) 


■ strong 


<44 + B n (A, X) °) = q 0 T 2 + B n (A , X/Y) 


strong 


strong 


■ strong 


Ts(T 3 + B"(A, X/Y) 6 ) = jT 3 + B n+1 (A, Y) 


strong 
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We show that the sequence (13.31) is exact. To show exactness at 'H™ pp (A,X), we have to show that 
rant^i = ker^ 2 , that is, for T G Z n (A,X), the following cases are equivalent 

(i) q 0 T = lim a 6™-^T a , for a net (T a ) C B n ~ 1 (A,X/Y). 

(ii) There exist S G Z n (A , F) and (5' a ) a C B n ~ 1 (A , X) such that T = toS 1 + lim Q 5'^~ 1 S a . 

For each a, we take iS a = and we put S = T — limQ, S r ^~ 1 pT a which shows that (i)=>(ii). For the 
converse, for every a, we put T a = qS a G BC n ~ 1 (A, X/Y). Then 

qT = qioS + limg<5$ _1 iS' a = limFJ-T vT a , 

thus the implication (ii)=>(i) holds. 

To show exactness at Ha Pp (A, X/Y), we need to verify that ran </?2 = ker<^ 3 , that is, for every T G 
Z n (A, X/Y), the following cases are equivalent 

(i) There exists a net ( S a ) a C B n (A,Y) such that jT = lim a SyS a . 

(ii) There exist S G Z n (A,Y) and ( R a ) a C B n ~ 1 (A,X/Y) such that T = qS + lim a S^yR a . 
Taking S = pT — lime SyS a and R a = 0 for each a, we have 

T = qpT = qS + lim jT = qS, 

so we see that (i)=>(ii). 

To see the case (ii)=^(i), put S a = pqS — S — (dj -1 ^ — p(5".yj.) i? a G BC n (A , Y). Then 

5 n x S a =5 n x pqS + 5 n x p5 n - / 1 Y R a . 

So, by (ii) we have SxPqS = 8xPT — lim Q 8xp8//^yR a . This yields limQ 8xS a = 8ypT = jT. 

To show exactness at TT r r j^ p (A. Y). we need to show that ran^ 3 = keryq, that is, for every T G 
Z n+1 (A, Y), the following cases are equivalent 

(i) There exists a net (S'q)q C BC n (A, Y) such that l\T = lim Q SyS a . 

(ii) There exist S G Z n (A , X/Y) and ( R a ) a C BC n {A, Y) such that T = jS + lim a 8yR a = 8xpS + 
lime SyR a . 

By putting S = 0 and R a = S a , we have 

T = t 1 T = lim Sy S a = lim SyR a . 

a a. 

Thus (i)=>(ii). 

(ii)=>(i) follows from 

lim SyS a = 8%pS + lim 8yR a = CT , 


where S a = pS + R a . 


□ 
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Corollary 3.6. Let A be a Banach algebra with a bounded approximate identity and let X be a Banach 
A-bimodule. Then X\ = {a • x ■ b : a, b £ A, x £ X} is a closed neo-unital submodule of X and Xf is 
complemented in X* and for every n, TUf pp (A, X*) = %a PP (A, X*). 

Proof. Let X 2 = {a ■ x : a £ A, x £ X}. By |3J Proposition 1.8], X\ and X 2 are closed submodule of X 
and Xf is complemented in X*. Also X\ is a closed submodule of X 2 . By Theorem 13.51 the sequence 

•••->• K PP (Ax£) ->■ K PP (A,X *) -A U n app (A, X|) -+ • • • 

is exact. Since A acts trivially from left of X/X 2 , by Remark l3.4l 

K PP (A,Xit) = K PP (A, (X/X 2 y) = {0}. 

Similarly Xf~) = {0}. Thus we obtain an exact sequence 

{0} K PP (A, X*) -A K PP (A,X 2 *) -> {0}, 

which means that %" PP (A, X*) = 'W l ’ lpp (A, X 2 ). Since X\ is a closed submodule of X 2 , replacing X with 
X 2 and X 2 with X\, we conclude that ?C PP (A, X|) = %” pp (A, X*). □ 

Remark 3.7. Let A be a Banach algebra and let X be a Banach A-bimodule. Then, for every n £ N, 
BC n (A, X) is a Banach A-bimodule via the following actions, 

(a • T) (ui,..., a n ) — a • T(ui,..., a n ), 

and 

(T * a) (ui, • *•, Un) ■ — T (uni,..., an) 

n— 1 

+ ^(-l) fc T(a,ai,..., Ofeafc+ 1 , ...,a„) 

fc=l 

+ (—l)”T(a, ai,..., a„_i) • a n , (T £ BC n (A, X), a \,..., a n £ A). 


In the following theorem we will give an analogue of reduction of dimension for approximate cohomology. 
Theorem 3 . 8 . Let A be a Banach algebra and let X be a Banach A-bimodule. Then for every n £ N, 

U n + p \A,X) £* nl pp {A,BC n {A,X)). 

Proof. For every n £ N, consider the coboundary operator 

6^ : B£(A, BC n (A, X)) BC 2 (A, BC n (A, X)). 

By® Lemma 2.4.5] for i = 1,2, we have an isometric isomorphism 

C : BC n+i {A,X ) BC(A,BC n {A,X)), 

defined by 

C'r(ai, a*i) (ttj-f-i,..•, cq+n) — ,..., Qj, Gq-j-i, ••*, n^+n)> (ai> • **; a^+n £ A,T £ BLL (A, X]). 
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Then for every a,b £ A, 

-,a n ) = a ■ (C 1 T)(6)(ai,a„) - (C 1 T)(a&)(ai, ...,a n ) + (C 1 ? 1 )(a) • 6 ( 01 , 
= a ■ T(b, oi, a n ) - T(ab , oi, ...,a n ) + T(a,6«i, ...,a n ) + ... 

T ( 1) T(qj 1 b , Hi,..., a n —\) • ci n 

= S n+1 T(a, b, or,..., a n ) 

= ( 2 6 n+1 (T)(a,b)(a 1 ,...,a n ), 


so we have 

(3-4) ^oC^C 2 ^^ 1 

that is, the following diagram commutes. 


r )" +1 

B£ n+ 1 (A^)-» S£" + 2 (.4,X) 


c 1 


c 2 


B£(A,B£ n (A,X)) ——> B£ 2 (A,B£ n (A,X)). 


We show that 

(3.5) Z n+1 (A, X) “ Z 1 ^, &C n (.4, X)). 

t e z” +1 (.4, x) ^ <T +1 t = o = C 2 <5 n+1 ^ = ott('re z 1 ^, x)). 

Now we show that £> n+ 1 (.4, X) S = B 1 (A,BC n (A,X)) S . The following diagram commutes 


B£ n (A,X) 

id 


B£ n+ (A, X) 


c 1 


B£ n (A,X) — B£(A,B£ n (A,X)), 


C 1 S n (T)(a)(a 1 ,..., a n ) = 6 n (T)(a )( ai ,..., a n ) 

= a ■ T(ai,..., a n ) 

— T(aoi,..., a n ) + ... 

T( 1) U n _x) * &n 

= (a • T)(ai,..., a n ) - (T • a)(ai,..., a n ) 
= $n( T )( a ){ai,-,a n ), 


because 
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that is, C 1 oS n = <5°. Now if T G B n+1 (A,X) S , then there exists a net (S a ) a C B£ n (A,X) such that 
T = lim,* S n S a . Since C is an isometric isomorphism, we have 

C X T = limC 1 -5 n 5« = limtf S a . 

a a 

Hence (He B 1 (A, B£ n {A,X)) str ° ng . 

Conversely, let T G B£ n+1 (A, X) be such that f x T G B 1 (A,B£ n (A,X)) 6 . Thus there exists a net 

(Ri)i C B£ n (A , X) such that CfT = Imp 5°Ri = lira,; f 1 5 n R i . Again, since C 1 is an isometric isomorphism, 
we have T = lim iS n Ri, that is, T G B n+1 (A, X). Therefore 

(3.6) StronS = Bi(A,BC n (A,X)) str ° ns . 

Now by equations (13.51) and (13.61) we obtain R^ p (A, X) = R\ pp (A,B£ n {A, X)) as required. □ 

The conclusion before [3> Proposition 5.1] showes that a Banach algebra A is amenable if and only if 
7i n (A,X*) = {0} for every Banach A-bimodule X and for every n > 1. For more detail, we refer the 
reader to [3J Theorem 2.4.7]. The following shows this remains true for approximately amenable. 

Theorem 3.9. Let A be a Banach algebra. Then the following are equivalent: 

(i) A is approximate amenable. 

(ii) Wf pp {A,X*) = {0} for every Banach A-bimodule X and for every n > 1. 

Proof. (ii)=>(i) is clear. We only prove assertion (i)=>(ii). 

Let Y = A(g>,4cg > • • • ®A < 8 >A'. Then Y* ~ BC n ^ 1 (A, X *), so by assumption and by Theorem 13.81 we have 

(n—1 )—times 

n: pp (A,x*) = n 1 app (A,Y*) = { o}. 

□ 

Proposition 3.10. Let A be an approximately amenable Banach algebra and let X be a commutative 
Banach A-bimodule. Then, R\ pp {A,X) = R 2 app {A,X). 

Proof. Let D G Z l (A,X) C Z X (A, X**). Since A is approximately amenable, D G B X (A,X**) S = 
{0}, since X** is a commutative Banach A-bimodule. Thus D = 0, so Rf pp (A,X) = {0}. 

Next, we show that R 2 pp (A, X) = {0}. By Theorem 13.81 and by approximate amenability of A, 

n 2 app (A,X **) = y} app {A,BC{A,X**)) 

= U l app {A, (A®X*y) 

= {0}. 

Now let T G Z 2 (A,X) C Z 2 (A, X**) = B 2 (A,X**) °. There exists a net (R a ) a C B 2 (A, X**) 

such that R a strongly > j 1 L e ^ g ■ x** —>• X**/X be the usual quotient map, so qR a G B 2 (A,X**/X). 
Hence SqR a = qSR a = 0, that is, qR a G Z 1 (A,X**/X) = {0}, by the first part. Thus qR a = 0, so 
R a G B 2 (A,X). Therefore T G B 2 (A,X) S and the proof is complete. □ 
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Proposition 3.11. Let H be a subgroup of a discrete group G. If'H 2 pp (£ 1 (G),X*) = {0},forallBanach 
l 1 (G)-bimodules X, then 'H^ pp (£ 1 (H), X*) = {0} for all Banach i 1 (H)-bimodules X. 


Proof. Let X be a Banach £ 1 (7J)-bimodule. By a conclusion similar to the prior of 0] Theorem 2.5], we 
may assume that X is only a right 17-module. Let M be a set of representatives of the right cosets of H 
in G, that is, M C G and for all g G G, Hg fl M contains exactly one element denoted by m(Hg). The 
set M can be chosen with m(H) = e, the identity element. 

Define a map h : G —>• H satisfying h(g)m(Hg) = g. Let Y = y{G/H)®X which we isometrically 
identify with ^ 1 (G/ff, X), by [5] Theorem B.2.12], We define a right G-action on Y by 

(/ • 9 i){Hg 2 ) = f{Hg 2 gf 1 ) ■ h(m(Hg 2 gf 1 )g 1 ), 

where / G £ 1 (G/Lf, X). We only check the associativity of the action. Since m(Hm(Hgigf 1 )g 2 ) = 
m(Hg i) for all g\ and g 2 , by the definition of h 

(3-7) h(m.(Hg 3 gf 1 gf 1 )g 1 )m(Hg 3 gf 1 )g 2 = m(Hg 3 (g 1 g 2 )~ 1 )g 1 g 2 , 

which yields 

h(m(Hg 3 gf 1 gf 1 )g 1 )h(m(Hg 3 gf 1 )g 2 )m(Hm(Hg 3 (g 1 g 2 )~ 1 )g 1 g 2 ) = m(Hg 3 (gig 2 )~ 1 )g 1 g 2 . 


Hence 


[(/ ' 9i ) ' 92 ]{Hg 3 ) = f {Hg 3 gf x gf 1 ) ■ h(m(H g 3 g^ gf l )g x ) ■ h(m(Hg 3 g 2 1 )g 2 ) 

= fiHgzg^gf 1 ) ■ K^Hg^g^-^g^) 

= (/ • (gi 92 )){Hg 3 ). 

The dual space of Y is £°°(G/H, X*) with the dual action 

(9i ■ F)(Hg 2 ) = h(m(hg 2 )gi) ■ F(Hg 2 g i) (F G £°°(G/H, X*))- 

If T G Z 2 (H, X*), then we define T G £°°(G 2 , X*) by 

T(gi,gi)(Hgo) = T(h(m(Hg 0 )g 1 ), h(m(Hg 0 )gf 1 )h(m(Hg 0 )g 1 g 2 ). 

If gi GG,(i = 1,..., 4) then substituting g 5 = h(m(Hg 0 )g 1 ), g 6 = g 3 1 h(m(Hg 0 )g 1 g 2 ) and 

97 = ( 95 g 6 )~ 1 h(m(Hg 0 )g 1 g 2 g 3 ) in ST(g 5 ,g 6 ,g 7 ) = 0, we have ST(g 5 ,g 6 ,g 7 )(Hg 0 ) = 0, so that T G 

Z 2 (G,X*). Thus by assumption, there exists a net (S a ) a C £ 1 (G, X*) with 

T(hi,h 2 )(H) = limSS a (hi,h 2 )(H). 

Ot 

For each a we define R a G (}(H,X*) by R a (ho) = S a (h 0 )(H). Then T = lim Q di? a , which means that 
T G B 2 (H, X *) strong Thus U 2 app (e(H),X*) = {0}. □ 
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